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Abstract 
Smoothed Particle Hydrodynamics (SPH) are often used to model solid bodies undergoing large deformation during hypervelocity 
impacts due to the ability of the method to handle distortion without the mesh entanglement issues posed by other Lagrangian 
discretizations such as the finite element method.  Rather than using mesh connectivity, SPH uses a kernel function and performs 
smoothed integration over nearest neighbors to enforce the conservation laws of continuum dynamics.  A number of improvements to the 
formulation have been proposed to increase stability and accuracy of the results.   
Despite such improvements, the performance of the SPH method is limited by the way in which boundary conditions are applied.   
Deficiency in the SPH field near solid boundaries is a shortcoming inherent to the formulation resulting in an inaccurate representation of 
contact mechanics during an impact event.  To address this, the first part of this work focuses on improving SPH contact by treating the 
particles as if they were nodes in a finite element mesh.  We investigate the effect of distributing contact loads across free surfaces using a 
Lagrange multiplier scheme.  In addition, we propose a method for improving the initial distribution of Lagrangian particle mass and 
evaluate its effective on pressure waves traveling through a body. 
There is also potential to improve SPH modeling during non-uniform deformation resulting from impact.  As deformation occurs, 
compressive forces cause SPH particle density to increase in the impact direction and decrease perpendicular to the impact.  This can 
reduce accuracy in the perpendicular plane as the spatial resolution is coarsened.  In the most extreme cases, numerical fracture can occur 
when the particles disperse to the degree that immediate neighbors are no longer recognized.  We demonstrate the use of an ellipsoid 
kernel method, allowing the kernel to deform anisotropically with the particle field to maintain resolution and prevent numerical fracture.  
We discuss the implications of the method with respect to hypervelocity impacts, and compare results with baseline output obtained using 
a typical spherical kernel to evaluate its effectiveness.   
© 2015 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact Society. 
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1. Introduction 
The SPH method is a numerical method based on interpolation theory that was originally developed for use in 
astrophysical problems in the late 1970’s [1].  Since then, its use has extended to cover dynamic response in solids [2, 3], 
and is particularly useful for modelling HVI events because it allows significant mesh distortion without entanglement 
issues.  The unique mix of Lagrangian and Eulerian numerics allows particles to move past each other while operating as a 
continuum.  This is especially attractive for penetration type calculations where Lagrangian methods like the finite element 
method break down as cells deform to the point of uselessness.  Conversely, like other Lagrangian formulations, SPH does 
not require interface tracking and is suitable for modeling material surrounded by empty space as mass cannot disappear at 
the boundaries [4].   
 
 
* Ryan Kupchella. Tel.: +1-704-799-6944 x140; fax: +1-704-799-7974. 
E-mail address: ryan.kupchella@corvidtec.com. 
 2015 The Aut ors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND lic nse 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the Curators of the University of Missouri On behalf of the Missouri University of Science and Technology
327 Ryan Kupchella et al. /  Procedia Engineering  103 ( 2015 )  326 – 333 
SPH hydrocodes enforce conservation laws for mass, momentum and energy, through the use of an interpolation function 
that estimates field variables at each particle location using information provided by its nearest neighbors [2].  Summation is 
used to approximate spatial integrals since only discrete particle information is available.  Kernel estimates for function f  
at particle i  can be written as follows: 
 
 
(1) 
 
 
(2) 
where m  is the particle mass, U  is the particle density, W  is the kernel function, j  is an index encompassing all the 
neighbor particles within the support domain, and h  is the smoothing length dictating the width of the support domain.  
These are formulated such that SPH is conservative of mass, momentum, and energy [2].   
2. SPH initialization with a Finite Element Mesh 
Unfortunately, contact at solid boundaries poses some numerical difficulty for SPH because boundary conditions are not 
contained in the weak form of the conservation equations.  Compressive waves and shocks are transferred from an impact 
through contact with individual particles rather than distributed evenly across the boundary surface.  This can have a 
significant effect on results, as an accurate pressure spike from contact is crucial to correctly capturing shock physics and is 
especially important when the acceptor is an energetic or any material that is sensitive to pressure pulses.   
2.1. Contact Load Distribution 
In order to improve boundary conditions, we have investigated the possibility of adding some of the beneficial features of 
finite element contact to SPH initiated parts.  In the finite element method (FEM), loads are distributed to the nodes using 
the naturally defined surfaces; whereas SPH surfaces are somewhat less defined due to the lack of connectivity information 
stored.  By initializing an SPH body with a finite element mesh, connectivity information can be added to the calculation 
and used during contact.  This approach does not alter the SPH integration technique in any way, so any modifications made 
to the SPH formulation, such as adding virtual stress points or applying methods to enforce n-order consistency can be 
implemented independently.   
To introduce this idea, we will describe the use of hexahedral (hex) element meshes to initialize the SPH field.  For 
convenience, we will refer to this as HexSPH.  The hex element mesh is first converted to particles using the nodal 
coordinates.  Connectivity information is used to locate free surfaces and is stored for elements containing a node on the 
identified surfaces.  This information is discarded for interior elements upon conversion and is only used at the boundary to 
identify particles in contact and to distribute loads.  Nodal contact forces are applied in the form of particle accelerations.  In 
turn, the position and velocity of each finite element node is updated using the solution to the SPH conservation equations.   
2.2. Particle Mass Distribution 
In addition to improving the distribution of contact loads, initializing particles with a finite element mesh also provides 
the information necessary to distribute the mass of the body more evenly while retaining smooth boundary definitions.  
Finite element mass is stored at the nodes and is accumulated by a summation of contributions from the elements they 
compose.  Mass for each element is calculated using the element volume and density, and an eighth of the mass for a given 
hexahedral element is carried by each of its nodes.  Distributing mass in this way ensures that the particle mass is tied to the 
particle spacing.  When the mesh deviates from ideal, uniform spacing to accommodate curved surfaces, it is essential that 
changes in mesh density are reflected in the particle mass density.  This will be demonstrated in the following section, 
where results employing particles with equal mass are compared to those using particles with evenly distributed mass and 
the same slightly non-uniform mesh.   
Relatively irregular particle spacing may be required to correctly specify surface boundaries, especially when surfaces 
exhibit some curvature.  A completely uniform arrangement of particles results in jagged approximations of curved surfaces, 
as demonstrated in Fig. 1.  The image on the left shows the type of boundary definition that can be accomplished using 
nodal coordinates, and the image on the right shows a typical representation of a curved boundary when uniform spacing is 
employed.   
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Fig. 1:  2D SPH representations of curved boundaries using a) non-uniform field generation from FE nodal coordinates and b) uniform field generation 
When particle mass is assigned using an element mesh, interior particles will generally be more massive than those on 
the surface because they are connected to a greater number of elements.  This has an adverse effect on SPH numerics 
because it detracts from the uniformity of the field.  Contact mechanics suffer because the less massive boundary particles 
will experience higher accelerations, while simultaneously having less influence on nearest neighbors as demonstrated by 
Eq. (2).   
One simple way to address this issue directly is to scale the mass of boundary particles so that the average boundary 
particle mass is equal to the average interior particle mass, which can be done using the following: 
 
 
(3) 
where c  is a scale factor, m  is the particle mass, and N  is the total number of boundary and interior particles, represented 
by subscripts b  and i .  The mass values for the boundary and interior particles are then multiplied by scale factors bc  and 
ic , respectively.  Eq. (3) ensures that the total mass of the part does not change: 
 
 
(4) 
Redistributing the mass using Eq. (3) does create a minor inconsistency between the specified material density and the 
effective density based on particle mass.  Essentially, the volume of the body is expanded while the boundary definition 
remains the same.  The resulting body typically contains a greater number of less massive particles than a body made up of 
uniformly spaced particles, employing regular particle contact.  The difference is due to the placement of particles on the 
boundary where a fraction of the particle mass lies outside of the surface definition.  Effects arising from this inconsistency 
appear to be relatively minor compared to the benefit of producing a well-defined boundary, and as particle mass decreases 
with the total number of particles, discrepancies can be curtailed by increasing the mesh resolution. 
2.3. Mesh Distortion 
As mentioned before, SPH is particularly attractive for HVI events with significant distortion because mesh 
entanglement is not an issue, and although HexSPH does not use the FEM formulation to calculate material response, it 
does use the element definition to detect contact.  As the hex elements become increasingly distorted, contact detection may 
suffer.  To alleviate these types of problems, a different form of contact detection can be used.  Shell elements detect contact 
using a thickness value that does not change with mesh deformation, making them useful for this application.  Additionally, 
identifying only the particles that define the boundary and redefining shell connectivity using only those particles simplifies 
the process of remeshing should the penetration advance to the point of requiring it.   
¸¸¹
·
¨¨©
§
¸¸¹
·
¨¨©
§

 
¸¸¹
·
¨¨©
§
¸¸¹
·
¨¨©
§

 
¦
¦¦
¦
¦¦
i
i
ib
ib
i
b
b
ib
ib
b
m
N
NN
mm
c
m
N
NN
mm
c
¦¦¦¦   ibiibb mmmcmc
329 Ryan Kupchella et al. /  Procedia Engineering  103 ( 2015 )  326 – 333 
Hence, we will now introduce another concept, SegSPH, wherein the mesh initialization process is the same as it is for 
HexSPH, but contact is handled using shells defined by the segments or faces that comprise the solid boundary.  SegSPH is 
less prone to mesh entanglement issues, but requires the contact interface to occur at an offset from the boundary.  The 
offset value is specified as user input with larger values decreasing the chances of encountering issues with contact 
detection.   
2.4. Simulation Results 
A simple impact case was run using the Velodyne hydro-structural solver to test the effectiveness of distributing contact 
loads using element surface connectivity.  For this test, an SPH disc was initialized using hex elements and impacted with a 
finite element cylinder.  In order to impart variable contact pressure, the impactor was given a smaller radius.  A schematic 
of the test is shown in Fig. 2.  
 
Fig. 2:  Simple impact test case. 
Both the disc and the long cylinder were given material properties of hardened steel and the cylinder was given an initial 
velocity of 1 km/s.  For the sake of comparison, this simulation was run twice with the same particle placement and mass 
distribution but differing boundary conditions.  While both calculations employ Lagrangian multiplier contact, the first 
applies contact using surface-to-particle contact, and the second uses the SegSPH method proposed in section 2.1.  The plots 
of pressure contours show that distributing contact forces to the SPH particles using element surface information effectively 
smooths the applied pressure.   
 
Fig. 3:  Contact pressure from impact at t=1-5 seconds for two contact formulations. 
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Next, a flyer plate calculation was used to examine the effect mass distribution has on the pressure pulses passing 
through the body.  The disc in the analysis above was struck with a finite element disc of equal size.  The flyer plates are 
shown in Fig. 4 with the FE impactor on top and the SegSPH disc on the bottom.  
 
Fig. 4:  Cut-away of flyer plate discretization with tracer points. 
The meshes for each disc were generated independently, so that nodes were not lined up during contact.  Discretization 
for the HexSPH/SegSPH disc was quarter symmetric so that nodes and the SPH particles generated from them lie along the 
center line of the cylinder.  The four locations highlighted in light blue in Fig. 4 were chosen for pressure data tracer points.  
For comparison, this test case was also run using CTH, a hydrocode developed by Sandia [5].  In CTH, data collection 
occurs in an Eulerian reference frame where the tracers are stationary and the material moves through them.  This means 
that some characteristics of pressure curves plotted over time inherently differ from those created using data measurement 
from a Lagrangian framework.  Therefore, the CTH data was only used to calculate the average pressure sustained at each 
point following the shock.  This value is shown using a black dashed line in Fig. 5.  The two plot colors in Fig. 5a show the 
data collected from calculations using the SPH particles with the same coordinates but different mass values.   The SPH 
particle locations for both simulations come from nodal locations of a hex element mesh, a 2 dimensional representation of 
which is shown in Fig. 1a.  The blue curves show pressure values when mass was distributed using element connectivity 
information, whereas each particle in the calculation represented by the green curves was assigned equal mass.   
The results in Fig. 5 do not make use of the contact load distribution scheme described in Section 2.1.  Rather, these 
comparisons focus solely on the effects of particle mass distribution techniques.  Element-to-particle contact was employed 
to transfer momentum from the FEM impactor plate to the SPH acceptor in these examples.   
It is apparent from Fig. 5a that the particle mass distribution can have a significant effect on the response of SPH bodies.  
Note that the blue curves show relatively good agreement with the CTH data whereas the green curves are not even self-
consistent, with values spanning roughly 10 GPa one point.  Without changing particle locations, results are markedly 
improved when the mass is distributed using element connectivity.  This is important to consider when initializing an SPH 
calculation for a HVI hypervelocity impact calculation.  Preprocessing software may provide the option of converting finite 
element nodes to particles to initialize an SPH field, but such an option should not be used unless the mass distribution is 
spatially consistent with the material density.   
The mesh layouts used to create Fig. 5b are quite different.  The blue curves present the same information as those shown 
in Fig. 5a, but in this graph, they are compared with tracer point data from a calculation using a regular, ordered mesh as 
shown above in Fig. 1b.  The difference between the two results highlights the effects of the two different approaches used 
to ensure uniform mass distribution.  In one case, spatial uniformity allows the assumption to be made that each particle 
carries equal mass and in the other, the spacing is slightly less uniform, but the particle masses differ to accommodate the 
non-uniformity.   
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Fig. 5:  Pressure data at four tracer points over time for two different flyer plate impact simulations using the same finite element impactor and a) the same 
SPH acceptor mesh but different mass distributions and b) different SPH acceptor meshes and mass distributions 
As shown, both approaches produce reasonable results.  There is a noticeable difference here that is the direct result of the 
discrepancy noted in 2.2.  In this example, the difference is a result of the fact that a greater number of particles can be used 
when particle spacing is equivalent and a subset is located on the boundary.  More particles were used to model the plate 
when they were created from element nodes, and as a result, the particles in this calculation were less massive on average.   
The contact load distribution scheme should have minimal effect on this type of planar impact analysis.  The previous 
images showed the results of different meshes utilizing the traditional particle contact scheme.  Comparisons were also 
made using the same mesh with different contact schemes.  Fig. 6 demonstrates the products of the same calculation with 
SPH, HexSPH and SegSPH contact employed.  As expected, the differences are negligible.  
 
 
Fig. 6:  Pressure data at four tracer points over time for flyer plate impact simulations using the same SPH mesh and particle mass distributions but 
different contact schemes. 
3.  Ellipsoid Kernel 
As discussed earlier, under anisotropic compression or expansion the SPH particle approximation can become deficient 
along certain axes or planes due to the use of a spherical support domain for the kernel function [6].  Most SPH 
formulations utilize a variable support domain to better resolve the domain in regions of higher or lower density.  Generally 
this is accomplished by adjusting the support domain radius, as defined by the smoothing length (h), to maintain a constant 
kernel mass.  However, under anisotropic deformation, the spherical support domain cannot match the variations in the 
particle field resulting in changes to the effective resolution in directions of low divergence as demonstrated in 7. 
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Fig. 7:  Kernel resolution due to deformation of particle field for (a) Spherical Kernel with Isotropic Deformation, (b) Spherical Kernel with Anisotropic 
Deformation, and (c) Anisotropic Kernel with Anisotropic Deformation. 
3.1. Anisotropic Kernel 
During anisotropic deformation SPH estimates of density, velocity gradients, and other quantities become less accurate.  
In order to address this issue an anisotropic kernel can be implemented which undergoes anisotropic expansion and 
contraction along with rotation to match the particle field [7].  This is accomplished by adding scaling and rotation tensors 
to the existing spherical kernel to generate an ellipsoidal kernel demonstrated by Eq. (5). 
 
 
(5) 
Here the global coordinates of neighbors within the support domain of the ellipsoidal kernel (r) are rotated and scaled to 
fit into reference spherical kernel coordinates (z) where the particle calculations are performed with any valid choice of 
spherical kernel function (we use the Monaghan cubic spine kernel).  We implemented an ellipsoidal kernel nearest 
neighbor search and kernel approximation functions into the Velodyne hydro-structural code.  We then tested these results 
against a Taylor rod impact case where anisotropic deformation is prevalent in the expanding impact region.  The results are 
shown in Fig. 8. 
 
 
Fig. 8:  Taylor rod impact scenario (a) comparing effective strain at 1.2e-5 seconds after impact with (b) SPH using a typical spherical kernel and (c) SPH 
using an ellipsoid kernel. 
The ellipsoid kernel provides a much smoother and more physical prediction of the effective strain value in the 
anisotropically deformed impact region which agrees well with finite element predictions of the deformation.  Furthermore, 
additional numerical fracture is observed in the radial expansion of the spherical kernel calculation.  This occurs when the 
kernel becomes numerically deficient in a given orientation and strength is significantly reduced resulting in non-physical 
separation of particles.  Due to its ability to better adapt to the evolving particle field, the ellipsoidal kernel allows more 
accurate evaluation of the continuum dynamics when under any high deformation loading condition.  It is a necessary 
component if SPH is to become a general numerical capability for addressing a large range of HVI problems. 
4. Conclusions 
The use of a finite element mesh to initialize SPH bodies provides a means of creating a smooth, well-defined boundary, 
and assigning particle mass.  In fact, when SPH particles are created from element nodes, particle mass should be distributed 
evenly with respect to space in order to ensure that it is consistent with the material density.  Element connectivity 
information can be used to assign mass values quickly.  Additionally, this information can be stored for boundary particles 
rRSz 11  
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in the form of surface segments to distribute contact forces to the particles on boundaries.  Such treatment of free surfaces 
has successfully smoothed contact in 1 km/s impact events, showing promise for use with full penetration events once a 
technique for remeshing the segment boundary is implemented.  
An ellipsoid kernel methodology has also been implemented and has shown significant improvement over SPH results 
employing a spherical kernel for a Taylor rod impact case.  The kernel effectively handles anisotropic deformation, 
mitigating numerical fracture and the resulting non-physical response.   
The methods presented here show promise in further improving SPH performance as pertains to solids in HVI events.  
The SPH methodology is better equipped to handle the large deformations that occur in these scenarios than grid-based 
Lagrangian methods, and with continued improvement may prove to be a powerful modelling tool. 
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